Abstract: Electromagnetic applications of periodic materials have become popular in many modern optical and RF applications. The accurate computation of the electromagnetic response of large structures requires solving problems with high number of unknowns. Fast methods are useful to deal with such big problems, but, in general they do not take advantage of the periodicity properties. Based on the behaviour of impedance matrices involved in the solution of the surface integral equations with the Method of Moments, an accelerated solution based on the FFT is implemented. The presented approach slots the original impedance matrix and it applies the FFT to calculate the exact solution of the matrix vector product in an iterative process. The proposed solution achieves a linear memory cost proportional to O(N ) and a computing time of O(N log N ), where N is the problem number of unknowns. Also, in this paper, the advantages of this technique are shown in the developed applications.
Introduction
The electromagnetic analysis of large periodic structures is an interesting topic in the scope of computational electromagnetics, from antenna arrays, RF metamaterial and metasurfaces (based on periodic patterns of resonant or non-resonant cells) to new applications in the optical regime for plasmonic periodic structures, among others. Several methods have been proposed to deal with this kind of problems.
The Floquet's harmonic theory [1, 2] , based on series expansions, is useful for analysing the electromagnetic behaviour of periodic infinite body arrays. Although Floquet theory might also be used to approximate the electromagnetic response of a finite periodic structure, important issues in such systems, such as edge effects or stationary waves, would not be properly taken into account.
Solutions based on the discretization of the surface integral equations can be applied to solve large problems through iterative methods and acceleration techniques. Among them, the Multilevel Fast Multipole Algorithm (MLFMA) [3] [4] [5] [6] [7] [8] [9] is one of the most useful approaches. To obtain the solution, the MLFMA accelerates the Matrix Vector Product (MVP) in the framework of an iterative process. Its efficiency achieves O(N log(N )) (where N is the problem number of unknowns). The MLFMA does not take special advantage of periodic problems since it is designed for arbitrary shaped geometries. Another extended approach for fast MVP calculation is the precorrected Fast Fourier Transform (p-FFT) method [10, 11] . At the expense of a significant loss of accuracy, the p-FFT transforms a general problem in a new uniform threedimensional (3D) grid alternative scheme. The solution can be accelerated using the Fast Fourier Transform (FFT). The CG-FFT method [12] is a similar procedure for accelerating a 3D uniform grid discretized problem using the FFT.
Apart from the use in general non periodic problems, the FFT has been applied to solve, accurately, some kind of periodic structures. For example, in some specific antenna array systems, the solution of the Method of Moments (MoM) [13] deals with multilevel blockToeplitz matrices that can be solved in a fast way using the FFT [14] [15] [16] . For dealing with generic block-Toeplitz matrices, another FFT based approach is developed in [17, 18] that obtains fast solutions for periodic antenna arrays. By taking advantage of the periodic nature of the composite, techniques in [14] [15] [16] [17] [18] accelerate the MVP without any loss of accuracy. Also, the technique proposed in this paper has these same advantages in addition to be valid for general periodic composites.
By taking pieces (slots) of the MoM impedance matrix, the solution of the MVP can be partitioned in several portions (also slots). Each one of these partial MVP's can be efficiently solved in a fast way using the FFT. This technique, so called slot FFT, is applied for obtaining, both, accurate and fast electromagnetic solutions of very and extremely large generic periodic composites, e.g. metamaterials or plasmonic periodic structures in the optical regime.
The slot FFT will be explained in detail in the following section. Two different applications in the optical regime are presented in the Results section. Finally, the significance of the accuracy in fast solutions of large periodic problems is explained in the Discussion section.
The slot FFT method for periodic problems
Let us consider a periodic electromagnetic problem of M bodies (Fig. 1) each of them identically modelled with the MoM and using n unknowns. Let Z be the N × N impedance matrix of the MoM, being N = nM the total number of unknowns of the problem [13, 19] . For the sake of simplicity, only the one dimensional (1D) periodicity will be explained. In this case, the impedance matrix can be block-wise expressed as:
where the submatrix Z i , j is composed of n × n elements, representing the electromagnetic interaction of the radiating basis functions of the body j over the testing functions of body i. In addition, since bodies are identically modelled and realizing that the interactions between elements depend only on their relative location, the submatrices fulfil the following properties:
Replacing Eqs. (2)- (4) into Eq. (1), Z can be expressed as a block Toeplitz Matrix as follows:
To simplify the notation let Z k be the matrix given by:
Replacing Eq. (6) into Eqs. (2)- (4) we get
Hence, matrix Z given by Eq. (5) can be expressed as:
If the Z k elements were scalar (1 × 1 matrices), the MVP of martrix Z by a vector x would be solved as a convolution. In such a case, this MVP could be solved in O(N log N ) operations by using the FFT to accelerate the convolution. Nevertheless, this is only an hypothetical case and we need to deal with general block Toeplitz matrices in order to accelerate the MVP.
Transforming Z from block-Toeplitz to a standard Toeplitz matrix, the FFT algorithm is directly applied slotting the matrix and the solution. This transformation is the key point of the slot FFT method.
Let R i be the block row matrix satisfying:
Hence, matrix Z given in Eq. (10) can be written as:
Next, we define the special matrix R of dimensions n × (2N − n) which is a container of the R i matrices:
It is easy to see that the R i matrices, 0 < i ≤ M, can be obtained from R taking columns from N − in + 1 to 2N − in. This property can be expressed using MATLAB notation as
Let Z k be the n injected N × N matrices, with 0 < k ≤ n, defined as:
In general, i − j − k + N + 1 > 0 in the above equation. For the very few elements in which the evaluation of the injected matrix Z k element is out of the range of R we can take, for example, zero or Not-a-Number values.
Matrix Z k is built by using only the k-row of R. Notice that the k + in row (with i = 0, . . . , M − 1) of the Z k matrix is equal to the k + in row of the real original Z matrix, that is:
In addition, each row of Z k can be obtained by shifting the precedent row as:
which implies that each one of the Z k matrices (k = 1 . . . n) is a Toeplitz matrix. Let S k be the slotting matrix given by
whereṅ represents a multiple of n. S k is a matrix with M periodically distributed ones in the diagonal. It satisfies the following properties:
• The product of two slotting matrices is:
• The sum of all the slotting matrices gives the identity matrix:
hence, any matrix, A, can be written as:
• The S k operator produces the same result when it is applied to Z and when it is applied to the applicable injected matrix. Using Eq. (15):
Summing over k in Eq. (19) we obtain:
Finally, replacing Eq. (18) in Eq. (20), the matrix Z is obtained from slotted versions of the injected matrices Z k as follows
Then the MVP of the matrix Z by a vector x can be calculated using the Eq. (21) as:
The computational cost of Eq. (22) is dominated by the product Z k x (the product of S k by a vector is a trivial replacement by zeros). Given that Z k is a Toeplitz matrix, Z k x is a convolution and it can be solved in a expedited way using the FFT in O(N log N ) operations. Since there are n MVP operations in Eq. (22), the total cost of evaluating the product Z x is O(nN log N ).
Notice that no calculation of injected matrices, Z k , is required in the slot FFT method. Also, the calculation of the MoM matrix, Z, is not required either. The method computes only one matrix, R, expressed in Eq. (13), i.e. it needs to store n × (2N − n) elements in memory.
In short, if n, the number of unknowns of each cell element, were negligible compared with M, the method would be virtually of order O(N log N ) and O(N ) in terms of CPU time and memory requirement, respectively.
Results
The following results were performed in a High Performance Computing (HPC) system composed by 4 Intel Xeon E7-4820 at 2.00GHz (eight cores each one, 32 cores in all), with 512GB of RAM memory.
In Fig. 2 (a) the memory cost of the whole MoM and the slot FFT using periodic structures in 1D, 2D and 3D uniform grids is showed. These results are obtained for the scattering of a λ = 540nm wavelength electromagnetic wave impinging on 1D, 2D and 3D periodic compositions of gold nanospheres of radius 100nm and 280nm separation between centres; each sphere is modelled with n = 240 unknowns and using a number of spheres, M, from just a few units to 40000. A significant memory saving can be observed in the slot FFT, given that only R in Eq. (13) needs storage. In Fig. 2(b) the mean computing time of the MVP is shown. The differences between the O(nN log N ) cost of slot FFT and the O(N 2 ) direct cost of carrying out the MVP are observed. For more than 100 · 10 3 unknowns, costs for the direct MoM MVP solution are extrapolated for both memory usage and MVP time. Notice that in order to avoid bias in the comparison, these results were performed without parallelization.
The first example is the electromagnetic scattering analysis at a wavelength of λ = 550nm from a periodic dense metastructure composed of 110 × 110 × 110 nanocubes in a uniform 3D grid. The edge dimension of the nanocubes is 55nm and the separation between centres is 110nm. The composite parameters are r = 3 and μ r = 1 and the nanocubes are suspended in vacuum medium. The problem is composed of nearly 50 million unknowns. In Fig. 3 the Radar Cross Section (RCS) of the metastructure is showed. The RCS is calculated for normal plane wave incidence (θ = 90 o ) using the slot FFT to speed up the MVP. This result is compared to the RCS of two different homogeneous dielectric cubes of edge dimension 12.1μm and r = 1.1579 and r = 1.1638 (effective permittivity obtained with the Maxwell-Garnett and Bruggeman homogenization method [20] , respectively). The computation of the RCS for the two entire homogeneous cubes were performed using the MLFMA algorithm [5] . The results of the homogeneous effective cube using MLFMA needed 1, 7 million unknowns. This result proves that both homogenization formulas (Maxwell-Garnett and Bruggeman) provide accurate results for general purposes. Nevertheless, in this kind of large problems, we can make use of the full-wave solution based on the slot FFT for a more accurate result. The three results show a good agreement. Notice that 30 degrees apart from the principal directions a slight difference between the electromagnetic scattering of the two homogeneous cubes and the real electromagnetic response of the large periodic composite object is revealed. The properties of the real and homogeneous material differs at the microscopic scale, which is important to describe the exact behaviour of the material. As second example, a plane-shaped array composed by gold nanospheres is analysed. In this example we study the surface-enhancement Raman spectroscopy (SERS) [21] [22] [23] to show the effects that appear in large SERS substrates. Some important effects in SERS may not be discovered with other widespread analysis techniques, e.g. approximating the structure by an infinite array or analysing it by a small portion of it, this giving a wrong prediction of the behavior of the substrate in a real scenario. This plays an important role in these kind of applications, as the SERS intensity distribution may present stationary wave-patterns effects.
The studied array was composed of 200 × 200 gold nanospheres located in an uniform 2D grid and the simulation was performed at a wavelength of 600nm, in a medium filled with water ( r = 1.7689) and illuminated by two incident plane waves perpendicular to the array, each of them linear polarized along the principal axes. The diameter of the nanospheres was 55nm and the separation between centres was 56nm. The discretization of the problem resulted in nearly 10 million unknowns. For the sake of simplicity, SERS intensity was calculated using no Raman shift. This approach is valid for small Raman shift and yields close-fitting results in a faster way through the following expression [23] :
where E is the total electric field in the presence of the SERS substrate and E i the field of the incident planewave. Figure 4(a) shows the SERS enhancement obtained after smoothing with a 2D Gaussian filter-to simulate the effect of a lens-. The representation is saturated so as to give a better illustration of the effects that appear along the xy plane. It is clearly discernible how the edge effect and the stationary wave pattern appear. This makes highly recommended the analysis of real case substrates. Figure 4 (b) shows the SERS of a small part of the structure without filtering. The hotspots between nanospeheres can be appreciated, with peaks of 1.0824 · 10 5 arbitrary units. This figure also shows a saturated representation of the SERS intensity to give a better representation of the hotspots. 
Discussion
The presented approach, based on slotting partial FFT solutions (Eq. 22), is a very efficient way to compute the solution of very or extremely large electromagnetic finite periodic problems. The amount of required memory of O(nN ) and the O(nN log N ) computing time allow us to analyse complicated periodic problems in the optical regime without accuracy loss. Although, for the sake of clarity and conciseness, only the 1D approach is formulated in this paper, their 2D and 3D counterparts can be formulated in an analogous fashion. In fact, in the results Section the use of 2D and 3D approaches were necessary. The method is straightforward to apply for any MoM implementation. Also, parallelization of the slot FFT does not require too much effort.
As a matter of fact, the OpenMP parallelization was used to obtain the results in Figs. 3 and 4 . Furthermore, future combination with MPI can be used to obtain electromagnetic solutions to extremely large problems in supercomputer systems.
These results support the advantages of slot FFT, suggesting this method as a feasible approach to tackle the upcoming challenges in the fields of nanomaterials and other areas where periodic structures are present.
The importance of having full-wave techniques for analysing very large periodic structures is showed in the results section. Using the slot FFT, the edge effects are well modelled and stationary waves are well predicted. These effects might not be discovered approximating the structure by an infinite array or a by a small portion of it. In addition, some scattering deviations, between equivalent homogeneous models and the real metamaterial, are revealed with the slot FFT technique.
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